Abstract. Various authors classified the thick triangulated ⊗-subcategories of the category of compact objects for appropriate compactly generated tensor triangulated categories by using supports of objects. In this paper we introduce R-supports for ring objects, showing that these completely determine the thick triangulated ⊗-subcategories. R-supports give a general framework for the celebrated classification theorems by Benson-Carlson-Rickard-Friedlander-Pevtsova, Hopkins-Smith and Hopkins-NeemanThomason.
Introduction
Let S be a triangulated category with arbitrary coproducts. An object x of S is said to be compact if for every family {y i } i∈I of objects from S the canonical map
is an isomorphism. The category S is compactly generated if there exists a set C of compact objects of S such that S(C, y) = 0 (i.e. S(c, y) = 0 for all c ∈ C) implies y = 0 for every object y in S. The triangulated subcategory of S consisting of compact objects will be denoted by S c . We observe that S coincides with the smallest triangulated subcategory closed with respect to coproducts and triangles and containing S c (see [25, 2.1] ). Also S is closed under taking direct products. Definition 1.1. A compactly generated tensor triangulated category is a symmetric monoidal compactly generated triangulated category (S, ⊗, e) such that
• The tensor product is exact in each variable and it preserves coproducts. The Brown representability theorem yields function objects Hom(x, y) satisfying
Hom(x ⊗ y, z) = Hom(x, Hom(y, z)) for all x, y, z ∈ S.
• The unit e is in S c and all compact objects are strongly dualizable, that is, the canonical morphism Examples. (1) Let G be a finite group scheme defined over a field k. Thus, G has a commutative coordinate algebra k [G] which is finite dimensional over k and which has a coproduct induced by the group multiplication on G, providing k [G] with the structure of a Hopf algebra over k. We denote by kG the k-linear dual of k [G] and refer to kG as the group algebra of G. Thus, kG is a finite dimensional, co-commutative Hopf algebra over k. By definition, a G-module is a comodule for k [G] (with its coproduct structure) or equivalently a module for kG.
Recall that the stable module category Stmod(G) is the category whose objects are kG-modules, and whose group of homomorphisms between two kG-modules M, N is given by the following quotient:
is a compactly generated tensor triangulated category, where stmod(G) := Stmod(G) c consists of the finite dimensional kG-modules (see [4, 11, 19] ).
(2) The category (S, ∧, S 0 ) of p-local spectra with p a prime and S 0 the p-local sphere spectrum is a compactly generated tensor triangulated category (see [19] ). The objects of S are spectra whose homotopy groups are p-local, i.e., π * (X) = π * (X) ⊗ Z (p) . The category F := S c consists of the finite p-local spectra.
(3) Recall from [26] that the derived category D(X) with X a scheme of O X -modules is a closed symmetric monoidal category with the tensor product
, the unit O X and the function object RHom(−, −). It is clear that D(X) admits arbitrary coproducts. The tensor product is exact in each variable and it preserves coproducts.
Let Qcoh(X) denote the category of quasi-coherent sheaves. It is a Grothendieck category by [10] . We denote by D Qcoh (X) the full triangulated subcategory of D(X) of complexes with quasi-coherent cohomology. Clearly, D Qcoh (X) is closed under coproducts. It follows from [20, 2.5.8] and [22, p. 36 ] that D Qcoh (X) is closed under tensor products.
A complex of O X -modules is perfect if it is locally quasi-isomorphic to a bounded complex of vector bundles and we denote by D per (X) the corresponding full subcategory of D(X). In particular, a perfect complex is in D Qcoh (X) and if X is quasi-compact then it is in D b Qcoh (X). Let X be a quasi-compact and quasi-separated scheme. Recall that being quasiseparated simply means that the intersection of two quasi-compact open subsets remains quasi-compact. Then D Qcoh (X) is a compactly generated triangulated category
is triangulated, closed under coproducts and contains all compact objects of D Qcoh (X). Therefore it is equal to D Qcoh (X) itself. We conclude that D Qcoh (X) is a closed symmetric monoidal compactly generated triangulated category.
If X is a quasi-compact semi-separated scheme (being semi-separated means that the intersection of two affine open subsets remains affine) and D(Qcoh(X)) is the derived category of quasi-coherent sheaves then the Bökstedt-Neeman theorem (see [6] , [22, p. 34] ) says that the canonical triangulated functor
is an equivalence. By [1] D(Qcoh(X)) is a compactly generated tensor triangulated category, and hence so is D Qcoh (X). The next result says that D Qcoh (X) is a compactly generated tensor triangulated category for any quasi-compact and quasi-separated scheme.
is a compactly generated tensor triangulated category. Proof. As we have already shown, D Qcoh (X) is a closed symmetric monoidal compactly generated triangulated category. We need to check that the natural map
is an isomorphism for any perfect complex E. This can be checked locally.
The map (1.2) is an isomorphism for any affine scheme (we also use the fact that (1.1) is an equivalence). We now use canonical isomorphisms (see [23, p. 12 
Therefore it is locally an isomorphism, and hence an isomorphism in D Qcoh (X).
R-supports
Definition 2.1. A weak R-support datum ("R" for ring) on a compactly generated tensor triangulated category S is a pair (X, σ), where X is a set and σ is a map which assigns to each ring object a ∈ S a subset σ(a) ⊆ X, such that (1) σ(e) = X and σ(0) = ∅.
for any ring objects a, b with a compact. (3) If a ∈ S is a ring object with σ(a) = ∅, then a = 0; that is σ "detects ring objects".
is defined for any compact a ∈ S c and the following axioms are true:
for any a, b ∈ S c with b a ring object. Finally, an R-support datum is a strict R-support datum if the following axiom is satisfied:
Remark 2.2. Our notion for an R-support datum is different from that of a support datum used in [3, 8] , because we define the sets σ(a) for some non-compact objects.
If (X, σ) is a weak R-support datum on S, it follows from the axioms that the sets σ(a) with a ∈ S c a ring object form a basis of open sets for a topology on X. This topological space will be denoted by X σ .
Recall from [16] that a topological space is spectral if it is T 0 , quasi-compact, if the quasi-compact open subsets are closed under finite intersections and form an open basis, and if every non-empty irreducible closed subset has a generic point. Given a spectral topological space, X, Hochster [16] endows the underlying set with a new, "dual", topology, denoted X * , by taking as open sets those of the form Y = i∈Ω Y i where
Then X * is spectral and (X * ) * = X (see [16, Prop. 8] ). For instance, if X = Spec(R) with R a commutative ring then the open subsets of (Spec(R)) * are of the form a∈Ω V (I a ) with each I a a finitely generated ideal and
If (X, σ) is a strict R-support datum on S, then the topological space X σ often happens to be spectral. But it is not the case in general. Below we shall construct a strict Rsupport datum for which X σ is is not a T 0 -space.
A thick triangulated subcategory T of S c is a ⊗-subcategory if for every a ∈ S c and every object t ∈ T, the tensor product a ⊗ t also is in T. Note that if e is a generator of S then every thick triangulated subcategory of S c is a ⊗-subcategory. Given an object a ∈ S c , we denote by a the thick triangulated ⊗-subcategory generated by {a ⊗ b} b∈S c . If A is a family of compact objects, then a∈A a will stand for the thick triangulated ⊗-subcategory generated by {a ⊗ b | a ∈ A, b ∈ S c }. Hom(a, a) ). On the other hand, σ (Hom(a, a) Examples.
Proposition 2.3. (1) Let S be a compactly generated tensor triangulated category and let
(1) Let G be a finite group scheme over a field k. If M is a kG-module, then the cohomology of G with coefficients in M is
Extending results of Benson, Carlson, and Rickard [4] to finite group schemes, Friedlander and Pevtsova [11] define a strict R-support datum (X, σ) on Stmod(G). One sets X = (Proj(H • (G, k) )) * , the dual space to the projective support variety of the finite group scheme G over the field k.
It is easy to show that every basic open subset in (Proj(H • (G, k) )) * is of the form σ(M ) with M ∈ stmod(G). However, σ(M ) does not have an evident cohomological interpretation for infinite dimensional kG-modules.
(2) Let S be the category of p-local spectra. For each n 1 there is a spectrum K(n) called the n-th Morava K-theory whose coefficient ring
n ] with |v n | = 2(p n − 1). We also set K(0) to be the rational Eilenberg-Mac Lane spectrum HQ and K(∞) the mod-p Eilenberg-Mac Lane spectrum HF p . These theories have the following properties (see [18] ).
• For every spectrum X, K(n)∧X has the homotopy type of a wedge of suspensions of K(n).
• (Nilpotence theorem) Morava K-theories detect ring spectra: if R is a non-trivial ring spectrum, then there exists a n (0 n ∞) such that K(n) * R = 0.
Let X be the set Z + ∪ {∞}. To any spectrum X ∈ S one associates a subset
The properties above imply that (X, σ) is a support datum on S. Given a finite spectrum F ∈ F one has σ(F ) = O n := {n, n + 1, . . .} ∪ {∞}, where n = min{s | K(s) * F = 0}. It follows from Mitchell's theorem [21] that for any n 0 there exists a finite spectrum F n ∈ F such that σ(F ) = O n . It is easy to see that the lattice of open sets for the topological space X σ is a totally ordered set and looks as follows:
Clearly, the space X σ is spectral. Below we shall show that X σ is homeomorphic to (Spec(V )) * for some valuation domain V . (3) Let X be a quasi-compact and quasi-separated scheme. For any F ∈ D Qcoh (X) we denote by F ) ) is the union of the supports in the classic sense of the cohomology sheaves of F [27, 3.3] . Let x ∈ X and let U be an affine neighborhood of x. It follows from [6, 2.17 
. Suppose σ(F ) = 0 with F ∈ D Qcoh (X) a ring object. Let ι : O X → F be the unit map. Then by the Nilpotence Theorem [27, 3.6] there is n 1 such that ⊗ n ι = 0 in D Qcoh (X). It follows that 1 F = 0, hence F = 0. We conclude that σ detects ring objects.
Let Y ⊆ X be a closed subspace such that X \ Y is quasi-compact. Then there exists a perfect complex F such that σ(F ) = Y [27, 3.4] . On the other hand, σ(E), E ∈ D per (X), is closed in X and X \ σ(E) is quasi-compact [27, 3.3] . Let X := X * ; then (X, σ) is plainly a strict R-support datum on D Qcoh (X).
Theorem 2.5 (Classification). Let (X, σ) be a weak R-support datum on a compactly generated tensor triangulated category S. Consider the maps
c is a ring object with σ(a) ⊆ O}
Then ϕψ = id or, equivalently, T = { a | a ∈ S c is a ring object with σ(a) ⊆ O T }, that is (X, σ) determines thick triangulated ⊗-subcategories. If (X, σ) is an R-support datum then the topological space X σ is quasi-compact, the quasi-compact open subsets are closed under finite intersections and form an open basis, and the maps ϕ, ψ induce bijections between
(1) the set of all open subsets O ⊆ X σ , (2) the set of all thick triangulated ⊗-subcategories of S c .
Proof. Let T be a thick triangulated ⊗-subcategory of S c . By Proposition 2.3 and the fact that Hom(a, a) is canonically a ring object we have
Hom(a, a) = { a | a ∈ T is a ring object}.
It immediately follows that
Let L T be the localization functor on S associated with the finite localizing subcategory generated by T. [19, 3.3 .1] and L T (e) is a commutative ring object in S [19, 3.1.8] . Therefore b⊗L T (e) is a ring object. We have that L T (b) = 0 if and only if σ(b⊗L
On the other hand, a⊗b⊗L T (e) ∼ = b⊗a⊗L T (e) = 0 since a⊗L T (e) = 0, a contradiction. Thus T = T O T or, equivalently, ϕψ = id. Now suppose (X, σ) is an R-support datum. We want to show that ψϕ = id. Given a ring object a ∈ S c , it follows from the axioms that b ∈ a implies σ(b) ⊂ σ(a). Therefore O a = σ(a). Since ϕψ = id then
is a ring object with σ(b) ⊆ σ(a)}, and hence ψϕ(σ(a)) = ψ( a ) = σ(a).
Every open subset O of X σ is, by definition, a union σ(a) with each a ∈ S c a ring object. Clearly,
c is a ring object with σ(a) ⊆ O}.
is a ring object with σ(a) ⊆ O} is a ring object. Then there are finitely many ring objects a 1 , a 2 , . . . , a n ∈ T O such that
We see that ψϕ = id. Let us show now that each basic open set σ(a) with a ∈ S c a ring object is quasi- Proof. This is a consequence of Proposition 2.3, Theorem 2.5 and Corollary 2.4.
We derive from the preceding corollary and the corresponding examples considered above the celebrated classification theorems by Benson-Carlson-Rickard-FriedlanderPevtsova, Hopkins-Smith and Hopkins-Neeman-Thomason.
Corollary 2.7 ( [5, 11, 18, 17, 24, 27] ). (1) Let G be a finite group scheme over a field k. Then the assignments (Proj(H • (G, k) )) * and the thick triangulated ⊗-subcategories of stmod(G).
bijection between the open subsets of
(2) Let C 0 := F be the category of finite p-local spectra, and for n 1, let C n := {X ∈ F | K(n − 1) * X = 0}, and finally let C ∞ denote the subcategory of contractible spectra. Then a subcategory C of F is thick triangulated if and only if C = C n for some n. Further these subcategories form a decreasing filtration of F:
(3) Let X be a quasi-compact and quasi-separated scheme. Then the assignments A strict R-support datum on a compactly generated tensor triangulated category is not a spectral space in general. As an example, let us consider the category D Qcoh (X), where X is quasi-compact and quasi-separated. We denote by Sp(X) the set of isomorphism classes of indecomposable injective objects in the Grothendieck category of quasi-coherent sheaves Qcoh(X). Given E ∈ Qcoh(X) let P (E) be the point corresponding to E (see [13, 15] ). If X = Spec(R) is affine then P (E) is the sum of annihilator ideals in R of non-zero elements of E. Given G ∈ D Qcoh (X) one sets
It follows from [13, 15] and arguments above that (Inj(X), σ) is a strict R-support datum for D Qcoh (X). However the space Inj(X) is not T 0 in general [14] .
To conclude, consider the category of p-local spectra S. Let us show, as promised, that X σ is homeomorphic to (Spec(V )) * for some valuation domain V , where
Looking at the lattice of open sets in X σ , a ring theorist immediately recognizes the lattice of prime ideals of a valuation domain in it. G. Puninski has pointed out to me how to construct such a ring.
Let α be the ordinal ℵ 0 and let V be any commutative valuation domain with value group isomorphic to Γ = ⊕ n∈α Z, an α-indexed direct sum of copies of Z. The order on Γ is defined as follows:
Let ∞ be a symbol regarded as larger than any element of Γ. We set ∞ + n = ∞ for all n ∈ α. Let k denote the field of quotients of V . Then there is a valuation
By a filter F in Γ + := {x ∈ Γ | x 0} is meant a non-empty proper subset F of Γ + such that
x ∈ F and x y ∈ Γ + imply y ∈ F.
F is a prime filter if x, y ∈ Γ + \ F implies x + y ∈ Γ + \ F, and a principal filter if, for some x ∈ Γ + , F = {y ∈ Γ + | y x}. It follows from [12, I.3.2] that the correspondences
define a bijection between the set of non-zero ideals of V and the set of filters in Γ + . In particular, prime (principle) ideals correspond to prime (principal) filters.
Theorem 2.8. The topological space X σ is naturally homeomorphic to (Spec(V )) * .
Proof. We denote by
where
; then the prime ideal P ∞ corresponding to this filter is maximal. We claim that a filter F = F ∞ is prime if and only if it is equal to F m for some m.
There exists m 1 such that F m ∩ F = ∅. Let us show that F ⊃ F m . We first assume that m = 1. Therefore there is x ∈ F ∩ F 1 . Suppose (1, 0, 0, . . .) / ∈ F. If x 1 = 1 then the first non-zero component x k , k > 1, must be positive, because otherwise x < (1, 0, 0, . . .) ∈ F. Hence x = (1, 0, 0, . . .) + (0, . . . , x k , x k+1 , . . .) ∈ F implies  (0, . . . , x k , x k+1 , . . .) ∈ F. But (0, . . . , x k , x k+1 , . . .) < (1, 0, 0, . . .) ∈ F, a contradiction. If  x 1 > 1 then x = (1, 0, 0, . . .)+(x 1 −1, x 2 , x 3 , . . .) ∈ F implies (x 1 −1, x 2 , x 3 , . . .) ∈ F. Continuing this procedure x 1 − 1 times we get (1, x 2 , x 3 , . . .) ∈ F, and hence (1, 0, 0, . . .) ∈ F by above, again a contradiction. We conclude that (1, 0, 0, . . .) belongs to F.
Now let x ∈ F 1 ; then x 1 > 0. Let x k be the first positive component of x such that k 2. Then (1, 0, 0, . . .) < (2x 1 , . . . , 2x k−1 , 0, . . .) ∈ F. Therefore (2x 1 , . . . , 2x k−1 , 0, . . .) < 2x and 2x = x + x imply x ∈ F since F is prime, and hence F ⊃ F 1 . If m > 1 and F ∩ F m = ∅ then the fact that F ⊃ F m is proved similar to the case m = 1.
By assumption, F = F ∞ , and therefore F ∩ (F m+1 \ F m ) = ∅ for some m. Suppose m is minimal such. We see that an element x ∈ F if and only if its first positive component x k must be such that k m. Thus F ⊂ F m , and hence F = F m .
Therefore the chain of the filters in Γ +
gives rise to a chain of the proper non-zero prime ideals in V P ∞ · · · P n+1 P n · · · P 1 .
The trivial ideal is prime as well and therefore one obtains that the set of all proper prime ideals in V is well-ordered and looks as follows:
P ∞ · · · P n+1 P n · · · P 1 P 0 = 0.
We observe that for any 0 n < ∞, P n = √ a n with a 0 := 0 and a n 1 the element whose n-th component is 1 and all other components are zero.
Suppose V (P ∞ ) = {P ∞ } is open in (Spec V ) * ; then V (P ∞ ) = λ V (I λ ) with each I λ finitely generated. Since P ∞ is the largest proper ideal each V (I λ ), if non-empty, equals {P ∞ }. Therefore P ∞ = √ I λ for some λ. But the prime radical of every finitely generated ideal in V is prime (since V is a valuation ring) and different from P ∞ . To see the latter, we have, since I λ is finitely generated, that all elements of I λ have value (a n ) n for some (a n ) n ∈ Γ + with a n = 0 for all n N for some fixed N . (Recall that every finitely generated ideal in a valuation ring must be principal [12, I.1.6] .) It follows that there is a prime ideal properly between I λ and P ∞ . This gives a contradiction. Therefore V (P ∞ ) = {P ∞ } can not be open in (Spec V ) * .
It follows that V (a n ) = {P n , P n+1 , . . .} ∪ {P ∞ } for any n 0 and the lattice of open subsets of (Spec V ) * looks as follows:
Now the desired homeomorphism is plainly given by the maps n ∈ X σ P n ∈ (Spec V ) * .
